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In [ADL21, Theorem 4.5], we claim that, given a reduced and geometrically irreducible
hypersurface X = {F' = 0} C P" over I, if it is Frobenius nonclassical, then it is nonreflex-
ive. If we denote by v: X - — + X* the Gauss map of X, then X is nonreflexive if and only
if, at a general point P € X, the pullback of differentials

(0.1) dyp: (v x-) @ Fy(P) — Qx @ Fy(P)

is not injective. In our original argument, we intended to prove this property via [ADL21,
Lemma 4.6], which shows that the determinant of the Hessian matrix

O*F

He = (F. h Foi=_——
F (Fy) where F 0X,;0X;

is zero modulo F. While [ADL21, Lemma 4.6] is correct, this is not sufficient to prove
[ADL21, Theorem 4.5]. The subtle error is the following incorrect assertion: a hypersurface
X is nonreflexive if and only if the determinant of the Hessian matrix of X vanishes identically
on X. Let us explain why this claim fails when deg(X) =1 mod char(F,).

Indeed, if we denote d = deg(F') and F; = 0F/0X;, then a computation with Euler’s
formula shows

dd—1F (d—1V)F - (d—1)F, Xo X1 - X Xo 0 - 0
d-1O)F  Fn - FEy 0 1 - 0 X 1 - 0
(0.2) . . ) i =1 . . o -He o i
d—1)F, Fun -  Fum 0 0 - 1 X, 0 - 1

from which we see that det(Hp) is constantly zero whenever d = 1 mod char(F,). Moreover,
we actually assume that the Gauss map is finite in our original argument, but we mistakenly
ignored this assumption in the statement of [ADL21, Theorem 4.5]. In this corrigendum, we
fix the statement and prove it without using [ADL21, Lemma 4.6].

Theorem 0.1. Let X C P" be a reduced and geometrically irreducible Frobenius nonclassical
hypersurface over F,. Suppose that dim(X) = dim(X™*) (which is satisfied when X is smooth
due to Zak’s theorem [Zak93]). Then X is nonreflezive.

Our strategy of proof goes as follows: Let I and I’ be the ideal sheaves for X and X*,
respectively. Then there is a commutative diagram for sheaves of differentials:

V(I 1) —— 7 (Qpny | x+) —— Y Qxs —— 0

(0.3) | | l

I/ —— 5 Qpa|x Qx 0.
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Note that v = I'|x where I' is the polar map

a_XO...._aXn

We have ~* (Q(Pn)* X*) = (F*Q(Pn)*> |x and the vertical arrow in the middle of (0.3) is
induced by the pullback of differentials dI'™: I'*Qpny» — pn. Let U C P" be an open
neighborhood of P where I(U) = (f). In order to prove that (0.1) is not injective, we will
prove that the image of the linear map

(0.4) A% (T*Qpnys) © Fy(P) — Qpn @ Fy(P)

F:IP’"——+(IP’”)*:[XO:---:Xn]r—>{aF T aF}.

has dimension at most n — 2 = dim(X) — 1 modulo df.

1. PROOF OF THE THEOREM

Let [Yp : -+ : Y,] be homogeneous coordinates for (P*)* so that the polar map T' can be
written as Y; = F;, and let y; = Y;/Yy be the affine coordinates for the chart {Yy # 0}.
Assume without loss of generality that the point P € X belongs to the open subset

n

= {Xo # 0} N {Fy # 0} (U{E + 0}) cP"

=1

If we write z; := X;/Xo and let f; = fi(x1,...,2,) be the dehomogenization of F; with
respect to Xy, then T'|y can be expressed as y; = fi/fo = F;/Fp. In this setting, the map of
differentials dI™*|y sends each dy; to

ay— 3 QL) gy 5 <(3fi/affj)fo - fi(afo/a%)) dry =3 (M) dz,

This linear map corresponds to the square matrix Mpg/Fy where Mg is given by
F11—%F01 le_%F01 Fnl_%Fm
My = Fiy — FéFOQ Fhe — %F(D coe Fo— %FOQ
Fln_%Fon F2n_%FOn an_%FOn
Now we extend the above matrix to the following one
O F1 F2 PPN Fn
Fy Iy —%Fm Fgl—%F(n Fnl—%F01
HY = Fy Fig— %Fog Fyy — %FOZ o Fly— %Fm
Fn Fln_ %FOTL FQn— %FOTL an_ %FOTL
Lemma 1.1. Let (0,ay,...,a,) be a nonzero vector where a; € F,. If

0,a1,...,a,) - HE(P) =0 where P €U,
then the column space of Mp(P) has dimension < n — 2 modulo (Fy(P),..., F,(P))".
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Proof. The hypothesis implies that
(a1,...,a,) - Mp(P) =0 and (ai,...,an) - (Fy(P),..., F,(P)) = 0.

The first equation implies that of rk(Mp(P)) < n — 1. If tk(Mp(P)) < n — 2, the proof is
done. If rk(Mg(P)) = n — 1, the second equation above implies that (Fy(P),..., F,(P))"
belongs to the column space of Mp(P), which proves the claim. O

The matrix H}, is related to the Hessian matrix Hp in the following way: If we restrict
the matrix on the left hand side of (0.2) to X = {F = 0} and then divide its first row and
first column by (d — 1), we will get

0O F --- FE, 1 0 --- 0
F
(1.1) H = SO I I - HY.
F, F, - F,, FFL; 0 --- 1

However, we cannot divide by d — 1 in the field when d =1 mod p. We see that the matrix
HY. is the correct replacement for the usual Hessian in positive characteristic, especially when
d=1 mod p.

On the other hand, X is Frobenius nonclassical means that there exists a polynomial R
that satisfies

(1.2) FR=X{Fy+ X{F, + -+ X1F,.
Lemma 1.2. Let P=[1:X;:---: X, € XNU. Then

(1—d+ R X, — X!, Xy — X3, , X, — X9) - Hp(P) = 0.
Proof. Subtracting Euler’s formula dF = XoFy + - - - + X, F}, by (1.2) gives

(1.3) (d—RF =(Xo—XO)Fo+ (Xy = X)FL + -+ (X,, — XD F,.
Taking partial derivatives of both sides with respect to X; followed by a rearrangement gives
(14) —RF=(1—-d+RF+(Xo— X)Fp+ (X1 — XOF; + -+ + (Xo — X9 F
Then the statement follows by a straightforward computation with (1.3), (1.4), the hypoth-
esis that Xy = 1, and the fact that F/(P) = 0. O
Proof of Theorem 0.1. Pick a general P =[1: X :---: X,] € X NU. First we compute
1 0 --- 0
LT )
(1—d+R Xy — X!, Xy — X¢, -+ X, — X9) . | '°
. oo
(|
=|(1—-d+ R . E X — X! X, — X! X, — X!
=(1-d+ )+; (X5 = X)) )Xo = X X = X

0, X, - X9, X, — X9

Lemma 1.2 and relation (1.1) implies that (0, X; — X{,..., X, — X2) - HA(P) = 0, which
implies that (X; — X{,...,X,, — X9) - Mp(P) = 0. By applying Lemma 1.1, we conclude
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that the image of dv} has dimension < n —2 modulo > | F;(P)dz; = df, thus it cannot be
injective. This shows that the Gauss map ~ is inseparable, whence X is nonreflexive. 0
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