FROBENIUS NONCLASSICAL HYPERSURFACES
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ABSTRACT. A smooth hypersurface over a finite field F, is called Frobenius nonclassical
if the image of every geometric point under the ¢-th Frobenius endomorphism remains
in the unique hyperplane tangent to the point. In this paper, we establish sharp lower
and upper bounds for the degrees of such hypersurfaces, give characterizations for those
achieving the maximal degrees, and prove in the surface case that they are Hermitian when
their degrees attain the minimum. We also prove that the set of F,-rational points on a
Frobenius nonclassical hypersurface form a blocking set with respect to lines, which indicates
the existence of many IF,-points.
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1. INTRODUCTION

In the celebrated paper [SV86], Stohr and Voloch used Weierstrass order-sequences to ob-
tain an upper bound on the number of rational points for curves embedded in an arbitrary
projective space over finite fields. The concept of Frobenius nonclassical curves was intro-
duced naturally in their work as those curves whose order sequence behaves differently from
“most” curves. Afterwards, Hefez and Voloch [HV90] extensively studied the properties of
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Frobenius nonclassical curves. In addition to showing that such curves are always nonre-
flexive, they also computed the precise number of F -points on Frobenius nonclassical plane
curves. It turns out that Frobenius nonclassical plane curves have many F,-points. Inspired
by this observation, points on Frobenius nonclassical plane curves have been used to con-
struct new complete arcs in the field of combinatorial geometry [GPTU02, Bor09a, BMT14].

As a natural generalization of the plane curve case, our earlier work [ADL21] introduced
the concept of Frobenius nonclassical hypersurfaces, with a particular emphasis on the surface
case. We found that if a hypersurface is not Frobenius nonclassical, then it is easier to prove
a Bertini-type theorem such as the existence of a smooth hyperplane section over the ground
field [ADL21, Theorem 2.2][ADL22, Theorem 1.4]. The purpose of the present paper is to
provide a systematic study of Frobenius nonclassical hypersurfaces in arbitrary dimensions.
We extend some of the results known for plane curves such as the lower and upper bounds
on the degree to higher dimensions, and give evidences for the abundance of F,-points on
these hypersurfaces.

Definition 1.1. Let X C P" be a hypersurface defined by a polynomial F' over the finite
field F,. We say that X is Frobenius nonclassical if the g-th Frobenius morphism

QP — P wg: e wy) — [xd o 2]
maps every E—point P € X into the embedded tangent subspace
- oF
TpX = i\ =—(P)) =0 CP
e (S (Gm) =0}
Equivalently, X is Frobenius nonclassical if F' divides the polynomial

Remark 1.2. One can interpret Fj as the directional derivative DxqsF' of the function F
in the direction x? = (z3,...,2%). The notation F}q is originated from our earlier work

[ADL21] where it is a special case of F,, = 3, 2% (9F/dx;)" .

By definition, F,-hyperplanes are Frobenius nonclassical over [F,. Below we present some
examples that are not hyperplanes:

Example 1.3. For n = 2m + 1, the smooth hypersurface X C P" defined by

F= Z (23241 — T2l )
i=0
is Frobenius nonclassical over F, since Fj y = 0. The hypersurface X has several remarkable
properties. For example, X is space-filling in the sense that X (F,) = P*(F,), that is, X
passes through every F,-point of the ambient projective space. Moreover, if H C P" is any
two-dimensional plane defined over F,, then either  C X or X N H consists of a union of
q + 1 distinct Fj-lines passing through a common point. This last property was carefully
examined in [ADL21, Example 3.4] in the special case when n = 3.

Example 1.4 (Hermitian varieties). For a square ¢, the hypersurface X C P™ defined by

(1.1) F = Zmiﬁﬂ where 0<r<n
i=0
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is Frobenius nonclassical over F, as one can verify that Fy o = (F)v%?. This is an example of
a Hermitian variety defined as follows: Consider the involution x — 2v? = T on F,. For a
scalar matrix H = (h;;), let us write H = (h;;). A Hermitian variety is a hypersurface in P"
defined by a polynomial of the form

F=x -H-x

where x = (zg,...,7,) and H is a scalar matrix that satisfies =0 # 0. In fact, every
such F is projectively equivalent to (1.1) over F, by [BC66, Theorem 4.1].

Our first main result concerns lower bounds on the degree of a Frobenius nonclassical
hypersurface. The result below was proved in [HV90, Proposition 6] for smooth plane curves,
and in [BH17, Corollary 3.2] when the curves are geometrically irreducible.

Theorem 1.5. Let X C P*, where n > 2, be a Frobenius nonclassical hypersurface of degree
d > 2 over F, of characteristic p which is smooth at F,-points. Then

ed>p+1, and

e d>./q+ 1 provided that X is reduced.

In the case that X is a reduced curve or a smooth surface, the condition d = \/q + 1 is
attained only iof X is Hermitian.

The two lower bounds in Theorem 1.5 are sharp due to Examples 1.3 and 1.4, respec-
tively. Note that the bound d > p + 1 is not redundant with respect to d > /g + 1 as the
former is stronger than the latter when ¢ = p. The reducedness for the second bound is
necessary because, if the assumption is dropped, then one can easily construct counterex-
amples using F,-hyperplanes and p-th powers of pointless hypersurfaces; see Remark 2.5 for
concrete examples of pointless hypersurfaces. We will prove the two bounds respectively in
Theorems 2.9 and 3.10. For the last statement, the curve case is essentially established by
Borges and Homma [BH17, Corollary 3.2] as mentioned above, but we still need to treat the
case when the curve is potentially reducible; see Lemma 3.11. We treat the surface case in
Proposition 3.13. It is worth mentioning that an alternative characterization of Hermitian
surfaces via the number of rational points was proved by Homma and Kim [HK16].

Our next main result concerns upper bounds on the degree.

Theorem 1.6. Let X C P", where n > 2, be a smooth Frobenius nonclassical hypersurface
of degree d > 2 over F,. Then d < q+ 2 and, in the cases d = ¢+ 1 and d = q + 2, the
defining polynomial F has the following forms:

(1) d = g+ 1 and n is odd if and only if there exists a nondegenerate skew-symmetric
matriz (A;;) with entries in F, and zero diagonal such that

F = zn: JZ?AZ]ZE]

i,j=0
(2) d=q+1 and n is even if and only if p =2 and, up to a PGL,1(F,)-action,

Fl,O = l’gilF and F= Q?()G + Z l’gBZ'jLL’j

ij=1

where g—g = 0 and (B;;)1<i j<n 1S a nondegenerate skew-symmetric matriz with entries
in Fy and zero diagonal.



(3) d=q+2 if and only if p =n =2 and, upon rescaling F' by a nonzero constant,
F = zozyxy(al 4+ 277" 4 2871 + G(a2, 22, 22)
for some polynomial G.

Furthermore, condition (1) or (3) occurs if and only if Fy is the zero polynomial.

Example 1.3 is a special case of Theorem 1.6 (1). For concrete examples that are classified
by (2) and (3) in the theorem, one can find them in Examples 4.10 and 4.11, respectively.
As an immediate consequence of Theorems 1.5 and 1.6:

Corollary 1.7. Let X C P", where n > 2, be a smooth Frobenius nonclassical hypersurface
of degree d over F, of characteristic p. Then

qg+1 if pis odd,

q+2 if p=2.

In particular, when p is odd, the hypersurface X is Frobenius nonclassical over the prime
field F,, implies that d = p + 1 and vice versa.

max{p+1,\/6+1}§ds{

Examples characterized by Theorem 1.6 (1) are multi-Frobenius nonclassical in the fol-
lowing sense: Let X = {F = 0} C P™ be such an example. If we consider X as a variety
over the quadratic extension F2, then

) A
Fio:= Zx‘f - = Z x?Aijm;f - _ 4

1,j=0

This shows that X is Frobenius nonclassical over not only IF, but also Fy.. In fact, if we
pick an o € F2 \ {0} that satisfies a? = —q, then X = {aF = 0} is a Hermitian variety
over F2. The classification of multi-Frobenius nonclassical plane curves was carried out by
Borges in [Bor09b].

Notice that not every Frobenius nonclassical hypersurface is Hermitian. Example 4.11,
which belongs to Theorem 1.6 (3), provides smooth such examples in characteristic 2. For
smooth examples in arbitrary characteristics, one can consider

n
T 1
F = E L where  r>2
i=0

and view it as a polynomial over F +1. Then Fio = > ", :U?THJF'"J“Q = F'9. Therefore, the
hypersurface X = {F' = 0} C P" is Frobenius nonclassical over F 1 and it is clearly not
Hermitian over any ground field.

Hermitian varieties, which include examples in Theorem 1.6 (1) as discussed above, are

defined by polynomials of the form

1=0

where Ly, ..., L, are linear polynomials and ¢’ is a power of the characteristic of the ground
field. Such polynomials are called Frobenius forms in [KKP*22]. In the last part of Section 3,
we show that Frobenius nonclassical hypersurfaces over I, of degree \/q + 1 are defined by
Frobenius forms under certain assumptions, and then prove that they must be Hermitian in
that situation. This result, together with Theorem 1.5, suggests the following conjecture:
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Conjecture 1.8. A Frobenius nonclassical hypersurface X C P", where n > 2, over F, of
degree /q + 1 is Hermitian provided that it is reduced and smooth at F,-points.

Smooth Frobenius nonclassical hypersurfaces are nonreflexive [ADL21, Theorem 4.5], so
their degrees are either congruent to 0 or 1 modulo the characteristic of the ground field
[K1e86, page 191]. For curves, the possibility of being congruent to 0 has been excluded by
Pardini [Par86, Corollary 2.2], so it is natural to ask if the same condition holds in higher
dimensions. We prove that this is true with certain additional assumptions. To be more
concrete, we say that a hypersurface X C P" over F, has separated variables if, up to a
projective transformation over F,, its defining polynomial has the form

F(zo, -+ ,xn) = G(xo, ..., ) + H(Tms1y - -+ Tn)

for some m € {0,...,n — 1}. Frobenius nonclassical components of plane curves with
separated variables were studied by Borges in [Borl6].

Our final result establishes the congruence condition on the degree of a Frobenius non-
classical hypersurface with separated variables.

Theorem 1.9. Let X = {F = 0} C P" be a smooth Frobenius nonclassical hypersurface of
degree d over F, with separated variables. Then d =1 (mod p) where p = char(F,).

Organization of the paper. The present paper is organized as follows. In Section 2, we
discuss existence and multitude of F,-rational points, and prove the lower bound d > p + 1.
Section 3 is devoted to the proof of the lower bound d > /g + 1. In the same section,
we also show that smooth Frobenius nonclassical surfaces of degree ,/q + 1 are Hermitian
and provide evidences about this phenomenon in higher dimensions. The proof of the upper
bound d < ¢ 4 2 is given in Section 4 along with the classification result in the cases
d=q+2 and d = q+ 1. Finally, Section 5 is devoted to the study of Frobenius nonclassical
hypersurfaces with separated variables, and contains the proof of Theorem 1.9.

Throughout the paper, by saying that a hypersurface is not a p-th power, we mean its
defining polynomial is not a p-th power. In many proofs within the paper, we frequently use
the fact that an F,-irreducible component of a Frobenius nonclassical hypersurface is still
Frobenius nonclassical, which is obvious from the geometric definition: if ®(P) € Tp(X)
for all regular points P € X, then the same holds true for each component Y of X. In
addition, Frobenius nonclassicality is preserved under taking [, -hyperplane sections, which
is a useful property when proving by induction on the dimension. We also frequently use
Euler’s formula for homogeneous polynomials, which states that

n

oF

for every homogeneous polynomial F' in variables g, x1, ..., Zp,.
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2. RATIONAL POINTS AND THE UNIVERSAL LOWER BOUND ON DEGREE

In this section, we prove the universal lower bound d > p+1 in Theorem 1.5. One of the key
ingredients is Lemma 2.2 which asserts the existence of an [F -rational point on a Frobenius
nonclassical hypersurface of degree d < g+ 1. At the end of this section, we gather evidence
for the abundance of rational points, and in particular, establish an explicit lower bound for
the number of F -points in Proposition 2.12. In the case of surfaces, Proposition 2.14 gives
a refined lower bound for the number of rational points.

2.1. Existence of rational points. Here we prove that, under mild assumptions, every
Frobenius nonclassical hypersurface contains F,-points. We first prove a Bertini-type result
for hypersurfaces that are not a p-th power.

Lemma 2.1. Let X = {F = 0} C P", where n > 2, be a hypersurface of degree d over
F, of characteristic p such that d < q+ 1 and X s not a p-th power. Then, for every
1 <r < n-—1, there exists a linear subspace H C P" over F, of dimension r such that
H ¢ X and the restriction F|y is not a p-th power.

Proof. By induction, it suffices to prove the statement only for the case r = n—1, that is, for
the case when H is an F,-hyperplane. Because F' is not a p-th power, there exists a system

of homogeneous coordinates {x, ..., x,} such that
F =2iGy(xq,...,2,) + Z 2y G2y, ..., xp)
m#s

where s Z 0 (mod p) and G5 # 0. The hyperplanes in P" of the form
H, ={amz1+---+ayz, =0}  where a=(ay,...,a,) € (F)"\ {0}
are parametrized by Pﬁq_l. Thus there are q;%ll many of them. If G,|g, = 0 for all H,, then
the hypersurface {Gs = 0} contains every H, as a component, whence
q" —1

> .
deg(GS) — q _ 1

But this is impossible since

q" —1

qg—1

where the last inequality holds whenever n > 2. This shows that there exists H, such that

G|, # 0. Therefore, the coefficient of x§ in F'|y, is nontrivial, which implies that F g, is
not a p-th power. 0

deg(Gs) =d—s<gq<

The next result explains how to find an F,-point on a Frobenius nonclassical hypersurface
X by looking at its intersection with a suitable [F-line. If X contains all the F,-lines of P",
then clearly X contains all F -points in P". Thus, it is natural to assume that there exists
at least one [F,-line not contained in X.

Lemma 2.2. Let X = {F = 0} C P" be a Frobenius nonclassical hypersurface of degree
d over F,, and let p = char(F,). Assume that there exists an Fy-line L ¢ X such that the
intersection X N L is not a p-th power. Then X N L contains at least one Fy-point and the
intersection multiplicity at every non-IF -point is divisible by p.
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Proof. Assume without loss of generality that the line L is given by
L={[z:y:0:0:---:0]]|[z:y] € P'}.

Then X N L is defined by the binary form f(z,y) = F(z,y,0,...,0). Note that f(x,y) Z 0

because L ¢ X. Because X is Frobenius nonclassical,

_OF

n 8$i’

which implies that f(x,y) divides 2?f,(x,y) + y?f,(x,y). By Euler’s formula, f(z,y) also

divides z f.(x,y) + yf,(z,y). As a result,

(2.1) flz,y) | (27 — o) fu(z,y) + (¥ — y) fy(,9).

In both cases, f(z,y) is not a p-th power, so f,(z,y) and f,(z,y) cannot be identically zero
simultaneously. Assume without loss of generality that f,(x,y) # 0. Note that this implies
that f,(z,1) # 0. Substituting y = 1 into (2.1), we obtain

(2'2) f(l’,l) ‘ (xq_x)fx(xal)'
Suppose that a € F, \ F, is a non-F,-root of f(x,1), so that f(z,1) = (z — a)"g(z) for
some m > 1 and g(«) # 0. Then
folz, 1) =m(z — )" 'g(z) + (x — @)"¢'(z) = (x — a)™ 'h(x)
where h(x) = mg(z) + (r — a)g’(x). Relation (2.2) now takes the form
(z—a)"g(x) | (27 — 2)(x — a)™ "h()
which implies that © — a divides (29 — z)h(z). If m # 0 (mod p), then h(a) = mg(a) # 0.
The polynomial (x — «) does not divide (27 — x) since a ¢ F,,. Hence
(z —a) | h(z) = mg(z) + (z — a)g'(x).
But this implies that (z —«) divides g(z), a contradiction. We conclude that m =0 (mod p).
This shows that every non-Fg-point in the intersection X N L appears with multiplicity
divisible by p.
Let us prove that there exists an F,-point in the intersection X N L. If this is not true,
then every P € X N L is not defined over I, whence appears with multiplicity divisible by

p due to the above result. But this implies that f = F|; is a p-th power, which contradicts
the assumption that X N L is not a p-th power. This completes the proof. 0

FlalFo+ ...+ 22F, where F; -

Corollary 2.3. Let X C P" be a Frobenius nonclassical hypersurface over F, such that its
degree d # 0 (mod p) where p = char(F,). Then X meets every F,-line L C P™ in at least
one [F -point.

Proof. If L. C X, then the proof is done. Assume L ¢ X. The condition d # 0 (mod p)
implies that X N L is not a p-th power. The desired result follows from Lemma 2.2. O

Corollary 2.4. Let X C P" be a Frobenius nonclassical hypersurface of degree d over IF,
and let p = char(F,). If d < ¢+ 1 and F is not a p-th power, then X contains at least one
Fy-point.

Proof. If X contains every [ -line in P", then the conclusion is obvious. Otherwise, there
exists an Fg-line L such that X N L is not a p-th power by Lemma 2.1. The result now
follows from Lemma 2.2. 0J



Corollary 2.4 fails in general when d > ¢+ 2. Indeed, the curves in Theorem 1.6 (3) satisfy
the hypothesis of the corollary except that d = ¢ + 2. Those curves contain no [F,-point by
Corollary 4.9.

Remark 2.5. In Corollary 2.4, the hypothesis that F' is not a p-th power is necessary
because, if this assumption is dropped, then the p-th power of any hypersurface over [,
that contains no F,-point would provide a counterexample. One way to construct a concrete
example of a pointless hypersurface Y = {G = 0} C P" is via the norm polynomials [LN96,
Example 6.7] as follows. Let {ao,,...,a,} be a basis for Fpn+1 over F,. Consider the
homogeneous polynomial over [F,:

o= [zo -+ o)
i=0
For every b = (bo, by, ..., bn) € Fp it is easy to check that G(b) = Np .../, (b) is the usual
norm map. Hence G(b) = 0 implies b = 0. Thus, Y = {G = 0} C P" contains no F,-points.
Another way to construct a pointless hypersurface when n + 1 < p is to take

G-y
=0
Because a?~' = 1 for all a € F}, it is clear that Y = {G = 0} C P" has no Fg-points.

2.2. Proof of the lower bound d > p + 1. Let us start by establishing two fundamental
lemmas. The first one provides a criterion for the geometric irreducibility of a Frobenius
nonclassical hypersurface.

Lemma 2.6. Let X = {F = 0} C P" be a Frobenius nonclassical hypersurface over F,
which is trreducible over F, and contains a smooth Fy-point P € X. Then X is geometrically
irreducible.

Proof. Since P is smooth, it is contained in a unique geometrically irreducible component
X’ € X. Under the g-th Frobenius endomorphism ®, we have P = ®(P) € X' N &(X').
Both X’ and ®(X’) are geometrically irreducible components of X that contain P, so we
have X’ = ®(X’), that is, X’ is defined over F,. It follows that X = X’ as X is irreducible
over F,. U

The next lemma gives a lower bound on the degree of a hypersurface which is almost
space-filling and contains a smooth rational point.

Lemma 2.7. Let X C P", where n > 2, be a hypersurface over IF, that contains at least one
smooth F,-point and satisfies #X(F,) > #P"(F,) — 1. Then deg(X) > ¢+ 1.

Proof. We proceed by induction on n. If n = 2, then X = C' C P2 is a plane curve containing
a smooth F -point P € C. The tangent line L = TpC' is defined over F,. We also have L # C
since #C(F,) > #P*(F,) —1 > #P(F,). Assume that L ¢ C. Then L intersects C' properly
in at least #P!(F,) — 1 = ¢ points and with multiplicity at least 2 at P. In particular, L
meets C' in at least ¢ + 1 points counted with multiplicity. Thus deg(C) > ¢ + 1.

Let us treat the case when L C C. Since #C(F,) > #P*(F,) — 1, there is at most one
[F,-point not contained in C. Thus, we can find another F,-line L' # L which also passes
through P and satisfies L'(F,) C C'(F,). Note that L' ¢ C because C' is smooth at P € LNL'.
By Bézout’s theorem, we get deg(C) > #L'(F,) = ¢+ 1.
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Now let X C P™ be a hypersurface as in the statement with a smooth P € X(F,). There
exists an [F,-hyperplane H C P" passing through P which intersects Tp X properly. Then
Y := X N H is a hypersurface in H = P! over F, that contains P as a smooth F,-point
and satisfies #Y (F,) > #P"}(F,) — 1. This implies that deg(X) = deg(Y) > ¢+ 1 by the
induction hypothesis. Il

We are now ready to establish the lower bound d > p+ 1 in Theorem 1.5. The proof will
proceed by induction on the dimension of the hypersurface. The following result settles the
initial case.

Lemma 2.8. Let C' C P? be a Frobenius nonclassical curve of degree d > 2 over F, of
characteristic p which is smooth at F,-points. Then d > p + 1.

Proof. Because C' is smooth at F,-points, it cannot contain an F,-line with multiplicity
greater than or equal to 2. Let C' C C be a curve irreducible over F,. Then C” is Frobenius
nonclassical over F,. Notice that there is nothing to prove if deg(C’) > ¢ + 1, so we can
assume deg(C’) < ¢. If C" is the p-th power of an F -line, then it is singular at F,-points,
a contradiction. Hence if C’ is a p-th power, then deg(C’) = mp for some m > 2, thus
deg(C’") > p+1 as desired. Assume that C” is not a p-th power. Then Corollary 2.4 implies
that C' contains an F,-point, which is smooth by hypothesis. It follows from Lemma 2.6
that C” is geometrically irreducible.

The geometric irreducibility of C” and the fact that it is smooth at F,-points force it to be
reduced. Therefore, C' is nonreflexive by [HV90, Proposition 1]. Pick a smooth non-F,-point
P € C. The non-reflexivity implies that TpC intersects C' at P with multiplicity divisible
by p. Since C" is Frobenius nonclassical, TpC' also contains ®(P) # P where ® is the ¢-th
Frobenius endomorphism. Therefore, TpC' intersects C’ in at least p+ 1 points counted with
multiplicity, which yields deg(C) > deg(C") > p+ 1. O

Theorem 2.9. Let X C P", where n > 2, be a Frobenius nonclassical hypersurface of degree
d > 2 over F, of characteristic p which is smooth at Fy-points. Then d > p + 1.

Proof. Let us prove the statement by induction on the dimension of X. The base case is done
in Lemma 2.8. For the inductive step, let X C P" be a Frobenius nonclassical hypersurface
smooth at F,-points. Notice that, if X contains two F,-linear components H; and Hy, then
X is singular along H; N Hy, and this intersection contains an F,-point, which contradicts
to our hypothesis. Therefore, X contains at most one F,-linear component, possibly some
Hy, C P". Let H C P" be an F,-hyperplane distinct from Hy. Then Y := X N H is
Frobenius nonclassical with dim(Y) < dim(X). If YV is smooth at F,-points, then the
inductive hypothesis implies that deg(X) = deg(Y) > p + 1.

Thus, we may assume that for every H as above, the section Y = X N H is singular at
some F,-point ), which is equivalent to asserting that H = TpY . This shows that each F,-
hyperplane in P", other than possibly Hy, is tangent to X at some [F;-point. Notice that the
Gauss map induced by X is well-defined at the set of F,-points as these points are smooth.
It follows that the Gauss map is surjective at the level of F -points away from Hy:

X(F,) —» (P")*(F,) \ {Ho} : P——TpX.
Hence #X(F,) > #P"(F,) — 1. By Lemma 2.7, we get deg(X) >¢+1>p+ 1. O

The following result will be used later in the proof of Proposition 2.12. We include it here
as it has the same flavor as Lemma 2.7.



Lemma 2.10. Let X C P" be a hypersurface over F, which is space-filling, namely, it
satisfies X (F,) = P*(F,). Then deg(X) > ¢+ 1.

Proof. We proceed by induction on n. When n = 1, the conclusion follows since a space-
filling subset X C P! is defined by a binary form divisible by %y — xy?. For the inductive
step, let X C P be a hypersurface with X (F,) = P*(F,) where n > 2. If X contains all the
F,-hyperplanes in P", then

deg(X) > #(P")*( Zq >q+ 1.

Otherwise, there exists an F -hyperplane H C P" such that dim(XNH) = dim(H)—1. Now,
Y := X N H can be viewed as a hypersurface in H = P*~! which is space-filling. Applying
the induction hypothesis to Y, we obtain deg(X) = deg(Y) > ¢ + 1. O

2.3. Blocking sets and abundance of rational points. In this part, we provide evidence
for the abundance of F,-points on Frobenius nonclassical hypersurfaces. This phenomenon
was already observed for the case of smooth plane curves by Hefez—Voloch [HV90] and later
extended to singular curves by Borges-Homma [BH17]. We will start by showing that the
configuration of F,-points on a Frobenius nonclassical hypersurface possesses an interesting
combinatorial structure.

To state our first result in this direction, we introduce a relevant definition from finite
geometry.

Definition 2.11. Let S be a set of F -points in P". We say that S is a blocking set with
respect to lines if S N L is non-empty for each F,-line L C P". Such a blocking set S is
called trivial if it contains all the F,-points on some F,-hyperplane. Otherwise, S is called
non-trivial.

More generally, one can define the notion of a k-blocking set which is a set of F,-points
in P* which meets every (n — k)-dimensional space defined over F,. The definition above
can then be viewed as the special case when £k = n — 1. See [KS20, Chapter 9] for a
comprehensive account of finite geometry in higher dimensional spaces. In addition, two
recent papers [AGY22a, AGY22b] study blocking sets arising from the F,-rational points of
plane curves over finite fields.

Proposition 2.12. Let X C P" be a Frobenius nonclassical hypersurface over F,, q # 2, of
degree d < q and let p = char(F,). Assume thatd # 0 (mod p) and X contains no I, lmear
component. Then X(F,) is a non-trivial blockzng set with respect to lines. Furthermore

#X(F,) > qq VA
Proof. By Corollary 2.3, every F,-line L meets X in at least one F -point, so X(F,) is a
blocking set with respect to lines. Next, let A be any F,-hyperplane. Then Y := X N H is
a hypersurface of degree d < ¢ inside H = P"~'. By Lemma 2.10, we know that Y (F,) #
H(F,), which means X (F,) does not contain all of H(F,). This shows that X (F,) is a non-
trivial blocking set. Finally, the lower bound on the number F -points is a consequence of
Heim’s theorem on blocking sets ([Hei96], see also [HT15, Theorem 9.8]). O

Proposition 2.12 fails when d > ¢ + 1 in view of Theorem 1.6. Indeed, for the examples
in (1) and (2) of the theorem, the former are space-filling, while the latter contain all the
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[F,-points on the hyperplane {xy = 0}. Therefore, the sets of F,-points in these two cases
form trivial blocking sets.

Next, we prove a lower bound on the number of F,-points on a smooth Frobenius nonclas-
sical surface that depends on the degree of the surface. As preparation, we prove a lower
bound for curves.

Lemma 2.13. Let C C P? be a reduced Frobenius nonclassical curve over F, of degree
d < g+ 1 which is smooth at all of its Fy-points. Then

#C(Fy) = d(q —d +2)

Proof. Let us write C = Cy U --- Uy, where C;, © = 1,...,m are Fg-irreducible. Since
C' is reduced, each C; is not a p-th power. By Corollary 2.4 and Lemma 2.6, each C} is
geometrically irreducible. Denoting d; = deg(C;), we know that #C;(F,) > d;(¢ — d; +2) by
[BH17, Corollary 1.4]. Since C' is smooth at all of its F,-points, C(F,) is a disjoint union of
C;(F,) for i =1,...,m. Therefore,

:i#q( i di(q — d; +2) :dq—ideer
i=1 i=1

i=1

. 2
2dq—<Zdi> +2d=d(qg—d+2)
i=1

as claimed. O

We are now ready to establish a lower bound on the number of F,-points for surfaces. We
will see that, when ¢ is large, the bound is roughly

qd(q — d +2) = O(dg®).

If the surface is not linear, then this bound grows at least at the rate O(qg) in view of the
lower bound d > /g + 1 in Theorem 1.5. This is a direct analogue of the curve case, where
the lower bound is d(¢ — d + 2) ~ O(dq).

Proposition 2.14. Suppose that X C P3 is a smooth Frobenius nonclassical surface over F,
of degree d < q+ 1. Then

(@ +¢*+q+1)dlg—d+2)
(¢*+q)+dlg—d+2)
Proof. Let us call an F,-plane H “good” if X N H is smooth at F,-points. Consider the set

Z={(H,P)| H is a good plane with P € (X N H)(F,)}.

#X(Fy) >

The number of good planes is at least
#(P3>*(Fq) — #X(F,) = (q3 +¢+q+ 1) — #X(F,).

For each good plane H, we observe that #(X N H)(F,) > d(¢ —d+2) by Lemma 2.13. Here,
we are using the fact that a plane section of a smooth surface is a reduced curve (which is a
consequence of Zak’s theorem [Zak93, Corollary 1.2.8]). Thus, we get a lower bound

H#I > (°+¢ +q+1—#X(F,))-d(g—d+2).

11



On the other hand, each F,-point of X is contained in at most ¢*> + ¢ good planes. This is
because there are ¢* + ¢ + 1 planes over F, passing through such a point and one of them is
the tangent plane. This gives us an upper bound,

#IL < #X(Fy) - (¢" +q).
Combining the lower and the upper bounds, we obtain,
(@ +a*+q+1—#X(F,)) dlg—d+2) < #X(F,) - (¢ +q).
Rearranging this inequality, we get
(¢ +¢* +q+1)d(g—d+2)
(> +q) +dlg—d+2)
as desired. 0

#X(Fy) >

Remark 2.15. In [HK13, Theorem 1.2], Homma and Kim proved an upper bound for the
number of rational points on a hypersurface without an [Fy-linear component. According to
[Tirl7, Theorem 1 (1) and (2)], this upper bound is achieved by examples in Theorem 1.6 (1)
and surface examples of degree /g + 1 as in Theorem 1.5. This provides another evidence
on the abundance of rational points on Frobenius nonclassical hypersurfaces.

3. LOWER BOUNDS ON DEGREE AND HERMITIAN SURFACES

In this section, we finish the proof of Theorem 1.5. For the lower bound d > /q+1, we will
present a proof by contradiction, and therefore, will assume the existence of a hypersurface
X C P as in the hypothesis except that d < ,/q. Our strategy consists of two steps:

[. We first find a 2-plane H C P" such that X N H contains a curve component C' over
[F, that is reduced of degree at least 2 and smooth at F,-points.
II. Then we prove that there exists a curve C" C C over F, of degree at least 2 that
is geometrically irreducible. The curve C’ is Frobenius nonclassical by construction.
Hence deg(C”) > /q+1 by [BH17, Corollary 3.2], contradicting our assumption that
d <./q.
For the last statement in the theorem, the curve case is done in [BH17, Corollary 3.2], so we
will prove the assertion in the surface case. In the end of this section, we include a discussion
on the Hermiticity in higher dimensions.

3.1. Linear sections that are smooth at F -points. Here we prove several Bertini-type
results for reduced hypersurfaces over F, that are smooth at F,-points, which will be used
to establish Step I. in our strategy.

Lemma 3.1. Let X C P" where n > 4 be a reduced hypersurface over Fy of degree d < & on
which every F -point is smooth. Then there exists an F,-hyperplane H such that X N H is
reduced of dimension n — 2 and smooth at F,-points.

Proof. Our strategy is to show that the number of F,-hyperplanes in P" is greater than the
number of [F -hyperplanes H that satisfy at least one of the following bad conditions:

e X N H is not reduced.
e X N H is not of dimension n — 2.
e X N H is singular at some F,-point.

12



By [ADL22, Proposition 4.6], the number of F,hyperplanes H such that X N H is not
reduced or does not have dimension n — 2 is at most
d(d—1)(g+1)*+ 1.

On the other hand, X N H is singular at an F,-point P € X implies that H = TpX, so the
number of hyperplanes H for which X N H is singular at some F -point is at most #X (F,),
the total number of F,-points on X. It was proved independently by Serre [Ser91]| and
Sorensen [S¢r94| that

#X(F) <dg"™ ' +¢" 7+ +q+1
Thus, the number of bad hyperplanes is at most the sum of these contributions:

(dqn—1+qn—2+...+q+1)+d(d—1)(Q+1)2+1‘

Because the total number of F -hyperplanes in P" is >_" ¢, the result follows if we can
prove the following inequality:

S > (" + ¢ P+ g+ 1) +d(d - 1)(g+ 1)+ 1
=0

which is equivalent to

(3.1) "> (d—1)¢" " +d(d—1)(g+1)* + 1.
Using the assumptions that d < 1 and n > 4, we get
(d—1)g"  +dd—1)(g+1)?+1< (g . 1) q”*1+g (g - 1) (g+1)?+1
n 4 2
q 1, @3¢ 4 n
= — — —— — ——+1<q™
R S R R
The last inequality can be proved by computing directly that the real function
n 4 3 2
flz)=2a" — (%—x"l—k%—%—%le) where n >4
satisfies f(x) > 0 for all x > 2. This proves inequality (3.1) and establishes the existence of
an [F -hyperplane satisfying the desired conditions. O

Lemma 3.2. Let X C P? be a reduced surface of degree d over F, such that 2 < d < V4q and
every F,-point on X is smooth. Then there exists an Fy-plane H such that X N H contains
a curve component C' over F, of degree > 2 that is reduced and smooth at F -points.

Proof. The proof is similar to the proof of Lemma 3.1. The only difference is that we need to
apply a refined bound on the number of F -points on X by Homma and Kim [HK13]. The
theorem [HK13, Theorem 1.2] in the case of surfaces states that

(3.2) 4X(F,) < (d— 1)q* +dg + 1

provided that X has no F,-linear component. Because X is smooth at F,-points, it has at
most one [F,-plane as a component. Thus, we proceed according to two cases.

Assume that X has no F-plane component. In this case, we can directly apply (3.2). As
in the proof of Lemma 3.1, the number of bad planes defined over F, is at most

#X(F)+dd—1)(qg+1)2?+1<(d-1)¢ +dg+1+dd—1)(g+1)*+1
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The conclusion will follow if we can show that the total number of F,-planes exceeds the
number of bad planes. Thus, it suffices to show that:

(3.3) P+ +q+1>d-1)@+dg+1+dd—1)(g+1)*+1

whenever d < ,/q. The right hand side of the inequality increases as d increases, so it suffices
to establish the inequality (3.3) in the case d = \/g. In other words, it suffices to prove the
inequality

¢C+q+a+1> (Va0 + Ve g+ 1+va(Va—1)(g+1)° +1.

This inequality can be directly checked for each ¢ > 2. This justifies (3.3) and furnishes
an F,-plane H such that C' = H N X is a reduced curve of degree d > 2 that is smooth at
F,-points.

Now assume that X has exactly one F,-plane component. Note that if d = 2, then
X is a union of two [F,-planes and thus contains singular F,-points, which contradicts our
hypothesis. Hence d > 3 in this case. Write X =Y U H, where Hy is an F,-plane. Since
Y has no F,-plane component and Y is also Frobenius nonclassical, we can apply the same
argument as in the previous case to Y. Note that inequality (3.3) still holds in this case as
deg(Y') = deg(X) —1 < ,/g. Thus, we obtain an F,-plane H such that C' = HNY is a
reduced curve of degree d — 1 > 2 that is smooth at F,-points. O

Corollary 3.3. Let X C P", where n > 3, be a reduced hypersurface over F, of degree d
such that 2 < d < /q and every F,-point on X is smooth. Then there exists an Fq-plane H
such that X N H contains a curve component C' over Fy of degree > 2 that is reduced and
smooth at F,-points.

Proof. The assumption 2 < /g is equivalent to /g < 1, so we can apply Lemma 3.1
repeatedly until getting a linear subspace H' = P? over F, such that X N H' is a reduced
surface that is smooth at F,-points. By Lemma 3.2, there exists a plane H C H' over F,

such that X N H satisfies the desired property. O

3.2. Existence of transverse lines to plane curves. As an intermediate step, we es-
tablish a few results that guarantee the existence of a transverse F,-line to a reduced plane
curve with smooth [Fg-points under the assumption that d < ,/q.

Lemma 3.4. Let C C P? be a reduced and geometrically irreducible curve of degree d over
F, that is smooth at F,-points. Then the number of Fy-lines not transverse to C' is at most

%(d— (d—2) +d(d—1)g+1.

Proof. A line L is not transverse to the curve C' if and only if it passes through a singular
point of C or is the tangent line at a smooth point of C. We will compute an upper bound
for the number of F,-lines in each of the two categories.

By [Liu02, §7.5, Proposition 5.4, the number of singular points of a geometrically irre-
ducible curve is at most 1(d — 1)(d — 2). By hypothesis, each singular point of C' is not
defined over IF,. Thus, each singular point has at most one F,-line passing through it, and

this gives a total contribution of
1
(3.4) §(d —1)(d —2)

many non-transverse F,-lines passing through a singular point of C'

14



To estimate the number of tangent F -lines to C, note that the dual curve C* has degree
at most d(d — 1). It follows that

(3.5) #{F,-lines tangent to C'} < #C*(F,) < deg(C*)g+1<d(d—1)g+1

where the second inequality follows by applying the Serre-Sgrensen bound to C*. (The
bound says that #E(F,) < dq+ 1 for any plane curve E of degree ¢.) Adding up (3.4) and
(3.5) gives the desired bound. O

Remark 3.5. In the proof above, we used the result #E(F,) < dg + 1 for any plane
curve E C P2, This result is a special case of the more general result for hypersurfaces
independently proved by Serre [Ser91] and Sgrensen [Ser94|. However, in those papers, the
varieties are defined over F,, whereas in our lemma, F is a plane curve defined over E, and
not necessarily over F,. The result #E(F,) < dg¢ + 1 nonetheless holds even in this more
general case. Indeed, the same proof in Sgrensen [Ser94, Theorem 2.1] goes through even if
E is not defined over F,.

Next, we generalize the previous result without the hypothesis on geometric irreducibility.

Lemma 3.6. Let C C P? be a reduced curve of degree d over IET] on which every IF -point is
smooth. Then the number of IF -lines not transverse to C' is at most

1 1
S 4 qd® — gd + ~d
R e —ad TG

Proof. Let us write C = C; UCy U --- U C,, where each C; is geometrically irreducible of
degree d;. Every F,-line not transverse to C is either not transverse to some C; (Type I)
or passes through an intersection of C; and C; for some ¢ # j (Type II). The number of
non-transverse [F-lines of Type I can be bounded by applying Lemma 3.4 to each C; and
summing up the contributions:

1
#{Type I non-transverse F,-lines} < Z ( (d; — 1)(d; — 2) + d;(d; — 1)q + 1>

To give an upper bound on the number of non-transverse F,-lines of Type II, we note that
any point P € C; N Cj; is a singular point of C'. Since C' is smooth at F,-points, P is not
defined over IF,. Thus, there can be at most one F,-line that passes through P. Since C;NC;
has at most d,d; distinct points by Bézout’s theorem,

#{Type II non-transverse F,-lines} < Z d;d;.
i<j

Therefore, the number of [F-lines not transverse to C' is at most

i=1 1<j

i(%d2—3di+2)+(df q—l—l) > did,

=1 1<j

1 m m m 3 m
df 2dd d? — ( —>di 2
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1
§§f41m1—(q+g>d+2m

1 1
= 5@ +qd* — qd + 5d + (2m — 2d)

1 1
< —d* +qd* —qd + =d
S 5d tq 9+ 5
where the last inequality follows from the fact that m < d. ([l

Corollary 3.7. Let C C P? be a reduced curve over E of degree d < \/q that is smooth at
F,-points. Then there exists an F,-line L transverse to C.

Proof. Tt suffices to show that the total number of F,-lines in P? exceeds the number of
[F-lines not transverse to C'. By Lemma 3.6 and the hypothesis that d < ,/q,

1 1 1
#{IF,-lines not transverse to C'} < §d2 + qd* — (q — 5) d < §d2 + qd?

VO’ +a(Va)’ =+ g < ¢+ q+ 1= #{F,lines in P}

as desired. 0

<

N[ —

Remark 3.8. In [ADL22, Theorem 4.2, we proved that every reduced plane curve C' of
degree d in P? admits a transverse Fy-line once ¢ > 2d(d — 1). Corollary 3.7 relaxes the
bound to ¢ > d? at the cost of the additional hypothesis that C' is smooth at its F,-points.

3.3. Proof of the lower bound d > ,/q + 1. To establish Step II., we need one more result
concerning the existence of a smooth F,-point and geometric irreducibility for Frobenius
nonclassical curves.

Lemma 3.9. Let C C P? be a Frobenius nonclassical curve over F, which is irreducible
over Fy and admits a transverse Fy-line L. Then L intersects C' in Fy-points only and C' is
geometrically irreducible.

Proof. Assume, to the contrary, that there exists P € L N C not defined over IF,. Note that
P is a smooth point as L meets C' transversely. Under the ¢-th Frobenius endomorphism &,
we have ®(P) € TpC' N L. As a result, both TpC and L contain the distinct points P and
®(P), whence L = TpC'. This shows that L is tangent to C, a contradiction. Therefore,
L intersects C' in deg(C') many smooth F,-points, which implies that C' is geometrically
irreducible by Lemma 2.6. U

We are now ready to prove the lower bound d > /¢ + 1 in Theorem 1.5.

Theorem 3.10. Let X C P*, where n > 2, be a reduced Frobenius nonclassical hypersurface
of degree d > 2 over Iy of characteristic p which is smooth at F-points. Then d > \/q + 1.

Proof. Assume, to the contrary, that there exists a reduced Frobenius nonclassical hypersur-
face X C P" of degree d where 2 < d < ,/q. By Corollary 3.3, there exists an F,-plane H
such that X N H contains a curve component C' over I, that is reduced of degree > 2 and
smooth at F,-points. The smoothness at F,-points forbids C' from being a union of Fy-lines,
so there exists a curve C' C C' of degree > 2 irreducible over F,.

Being an Fj-component of a linear section over F, implies that C’ is Frobenius nonclassical
as a plane curve in H = P2 On the other hand, C’ is smooth at F,-points and we have
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deg(C’) < deg(C) < deg(X) < /g, so there exists an Fy-line transverse to C" by Corol-
lary 3.7. We conclude that C” is geometrically irreducible by Lemma 3.9. However, this
implies deg(C’) > ,/q + 1 according to [BH17, Corollary 3.2], a contradiction. O

3.4. Frobenius nonclassical surfaces of minimal degrees. It turns out that smooth
Frobenius nonclassical surfaces over F, whose degrees attain the minimum ,/q + 1 are Her-
mitian, that is, they are projectively equivalent over I, to the surface defined by

a:[‘)/%l + x}/(ﬂl + xg/ﬂl + 31::‘3/@rl =0.

Our proof is built upon the curve case proved by Borges and Homma [BH17, Corollary 3.2],
which in turn relies on the characterization of Hermitian curves [HKTO08, Theorem 10.47].
The main idea of our proof in the surface case is to find sufficiently many [F -planes that cut
out Hermitian curves on the surface.

Lemma 3.11. Let C C P? be a reduced Frobenius nonclassical curve over F, of degree
d = \/q + 1 which is smooth at Fq-points. Then C is Hermitian.

Proof. Write C' = Cy U --- U C, where each C; is irreducible over F,. Note that each C; is
Frobenius nonclassical. Furthermore, each C; has an Fg-point P; by Corollary 2.4, because
deg(C;) < /g + 1 and C; is not a p-th power as C' is a reduced curve. By hypothesis, C; is
smooth at P;. Applying Lemma 2.6, we see that each C; is geometrically irreducible. Observe
that C' cannot be a union of Fy-lines due to our hypothesis. Hence, there exists 1 < ¢ <1
such that deg(C;) > 2. By [BH17, Corollary 3.2], we obtain that deg(C;) > /g+1 = deg(C)
and thus C = (C; is Hermitian. O

Lemma 3.12. Let X C P" be a hypersurface of degree d over F, that s smooth at all its
Fy-points. Then the number of Fy-hyperplanes H C P" such that the intersection X N H is
proper and smooth at F,-points is at least ¢"'(q — d + 1).

Proof. The number of F -hyperplanes that are tangent to X at an [F,-point or appear as
a linear component of X is bounded by #X(F,). Using the Serre-Sgrensen bound [Ser91,

Sor94],
qnfl -1
qg—1
Therefore, the number of F -hyperplanes as in the statement is at least
n+1 n—1 2
q -1 n— q —1 q — 1 n— n— n—
— — | dq T = q l_dq 1:q l(q_d"‘l)
g—1 qg—1
which gives the desired bound. U

#X(Fg) < dg" ™" +

Proposition 3.13. Suppose that X C P? is a smooth Frobenius nonclassical surface defined
over Fy of degree d = \/q+ 1. Then X 1is Hermitian.

Proof. Note that X contains no I -linear component due to the hypothesis. Let us call an
F,-plane H C P? “good” if X N H is smooth at F,-points. By Lemma 3.12, X admits at
least ¢* — ¢*\/q many good planes. Let H C P? be any good plane. Then C' := X N H is
a Frobenius nonclassical curve over IF, of degree ,/q + 1 that is smooth at F,-points. As
X is smooth, C' is a reduced curve by Zak’s theorem [Zak93, Corollary 1.2.8]. Thus C' is
Hermitian by Lemma 3.11.
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Note that ¢ > 4 since ¢ is a square. We claim that there exist four good planes Hy, Hs,
Hj, and H, that are linearly independent. Indeed, if this was not true, then the number of
good planes would be at most #(IP?)*(F,) = ¢* + ¢ + 1, which is strictly less than ¢° — ¢*/q
for ¢ > 4, a contradiction. After a change of coordinates, we may assume H; = {x; = 0}
for i =0,1,2,3. Let F' be a defining polynomial for X. Then the fact that X N {z; = 0} is
Hermitian implies that

e For each i, F|,,—¢ defines a Hermitian curve in the remaining three variables.
e F' does not contain any monomials involving exactly three variables.

By collecting the monomials appropriately, we can express:
(36) F=G + ZE()fL’llL‘QZL'gR

where G defines a Hermitian surface and deg(R) = /g — 3.
Since X admits at least ¢> — q2\/§ good planes and we have used up 4 of those planes in
the analysis above, there are still at least ¢* — ¢*\/q — 4 good planes remaining. If

W = {agl'o + a1x1 + asxy + asry = O}

defines a good plane other than Hj, ..., Hy, then, by imposing the relation ) . a;,z; = 0 on
equation (3.6), we deduce that
Rlw = 0.

Indeed, if we write, without loss of generality, that xo = —a, 1(a191:1 + agxy + azxs), then
the term zgrix2x3R contributes a nonzero monomial to F'|y which involves lesc%a:’g with
1,7,k > 0. But such a term cannot appear in a polynomial defining a Hermitian curve.

Therefore, R is divisible by ). a;x;. Since W is an arbitrary good plane different from
Hi,..., H,, we conclude that R is divisible by a product of distinct ¢ — q2\/§ — 4 linear
forms over F,. In particular,

Va—3=deg(R) > q¢* — ¢*/q— 4.
However, /g — 3 < ¢* — ¢*\/q — 4 for ¢ > 4. This is a contradiction unless R = 0. We
conclude that F' = GG and thus X is a Hermitian surface. 0]

3.5. Evidence for the Hermiticity in higher dimensions. For most examples of Frobe-
nius nonclassical hypersurfaces that we know, their defining polynomials F' satisfy the prop-
erty that F} is proportional to a power of F. These include all examples in this paper
except for the ones classified by Theorem 1.6 (2), and also the curve examples in [HV90, Theo-
rem 2]. Therefore, it is reasonable to assume this condition while investigating the properties
of Frobenius nonclassical hypersurfaces. In the following, we provide evidence for Conjec-
ture 1.8 by showing that it holds in odd characteristics under this assumption. The proof
relies on the main results from [KKP*22] about F-pure thresholds.

Proposition 3.14. Let F' € F,lxo,...,x,] be a homogeneous polynomial of degree |/q + 1
which defines a reduced Frobenius nonclassical hypersurface that satisfies

" OF
Fio:= Zx(i]@m = cFV1 for some c € Fy\ {0}
=0 ’

Then F' is a Frobenius form, namely, it is defined by the expression
F=Y /"L,
i=0
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for some linear polynomials Lo, ..., L,.

Proof. Let fpt(F') and fpt(Fyo) denote the F-pure thresholds of F' and F} g, respectively.
First, we have fpt(F) > \/L§ by [KKP*22, Theorem 1.1]. Next, the assumption F} o = cFV4

implies that fpt(Fy ) = %fpt(F) by [KKP*22, Proposition 2.2 (2)]. Moreover, we see that

fpt(Fipo) < 1 from the definition of /7. Combining these relations, we obtain

1
% < fpt(F) = \/5 fpt(Fl,o) < —
which implies that fpt(F') = \/ia.

Now we proceed to prove that the Frobenius form in Proposition 3.14 turns out to be
Hermitian due to the Frobenius nonclassical property. First note that a Frobenius form over
an arbitrary field k& of positive characteristic p can be equivalently written as

Thus F is a Frobenius form by [KKP*22, Theorem 4.3]. 0O

(3.7) F = Z a2 Mz, =x7 - M - x*

4,7=0
where x = (29, ..., @), x? = (27,...,27), and M = (M;;) is a matrix with entries in k.
Lemma 3.15. Let F' be a Frobenius form as in (3.7) over k = F 2. Suppose that p # 2 and
that F' divides the polynomial

i /2 aF / 12
G:= Zx T T.M - (x7)

Then M s either
e a Hermitian matriz in the sense that M := (ij/) = M", or

e a skew-Hermitian matriz in the sense that M := (Miqj/) = —M".

Proof. Because p # 2, we are allowed to write M = M; + My where

1 — 1 —
Aﬁ:?M+Nﬁ and A@:ﬂM-M%
Notice that M; is Hermitian and Ms is skew-Hermitian. Now we have F' = F} + F, where
Fy =x9 M, -x"and F, = x7 - M, - x'. One can verify directly that G = F{ — Fj. This
relation, together with the fact that F7 = F¥ + F | implies

G+F'=2F and G-FY=—2F.

Because I divides G, it divides the left hand sides of the above two equations, whence it
divides both F; and F;. Thus, there exist ¢, co € F, such that F} = ¢;F" and Fy = ¢ F, or
equivalently, M; = ¢;M and My = coM. If ¢; = ¢o = 0, then M = 0 and there is nothing
left to prove. If ¢; # 0, then M = ¢;' M, so M is Hermitian. If ¢, # 0, then M = c; ' M,
and M is skew-Hermitian in this case. 0]

Corollary 3.16. Let X C P" be a reduced Frobenius nonclassical hypersurface over F, of
degree \/q + 1. Assume that char(F,) # 2 and Fiy = cFV9 for some nonzero constant c.
Then X s Hermatian.
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Proof. By Proposition 3.14, the hypersurface X is defined by a Frobenius form F. Applying
Lemma 3.15 with ¢ = /g, we conclude that F'is of the form (3.7) such that M is either
Hermitian or skew-Hermitian. If M is Hermitian, then we have the desired result. Otherwise,
we can pick ¢ € F, that satisfies ¢v? = —c. Then c¢M is Hermitian. Since {¢F = 0} defines
the same hypersurface X, this completes the proof. 0J

4. UPPER BOUNDS ON DEGREE AND CHARACTERIZATIONS

This section is devoted to the proof of Theorem 1.6. We will establish the degree bounds
and give characterizations step by step, starting from the simplest case Fj o = 0, then the
case d # 0 (mod p) where p = char(F,), and eventually to the full generality. The main
machinery involved in the proof is the Koszul complex.

4.1. Hypersurfaces with vanishing F;o. Let X = {F = 0} C P" be a Frobenius non-
classical hypersurface over F, that satisfies the vanishing condition

Fio= x! =0
10 Z '3
=0
Now consider the ring R := F [z, . .., z,], the sequence x? := (zf, ..., 22), and the associated

Koszul complex

02 o1

R R 0.

e; — xl

Ko(x9) : 0 — A" RV —— oo 5 AP R

Here {ey,...,e,} is the canonical basis for the free R-module R"™' = @} j Re;. In this
setting, the vanishing of F7 ¢ is equivalent to the condition

" OF
4.1 —e; €k .
( ) ; aajiel € er51

On the other hand, as the sequence x? = (z{,...,x%) is regular [Mat89, Theorem 16.1], the
complex K,(x?) is exact at degree ¢ for all i > 1 [Mat89, Theorem 16.5 (i)]. In particular,

(4.2) Hi(K.(x?%) =kerd;/imdy =0
The following lemma is a consequence of these relations.

Lemma 4.1. Retain the setting from above. Then

OF <
:ZCE?GU, j:07...,n,

8x]~ =0
for some G;; € Fylxo, ..., z,] that satisfies G;; = —G;; and G = 0.
Proof. Relation (4.2) implies that the element (4.1) admits a preimage
2
Z Gijei A\ ej € /\ Rn+1
i<j
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under the differential d,. By setting G;; = —Gj; for @ > j and Gy; = 0, we get

~ (OF
Z (3_1']) ej =0y (Z Gijei N €j> = ZGijéZ(@i Nej) = Z Gyj(ale; — ale;)

§=0 i<j i<j i<j
n n
= Z [lngiJCj — Z[E;}G]’iej = Z ZL’;-JGZ']'GJ' + Z mgGijej = Z <Z QT(ZJGU) 6]'.
i<j j<i i<j j<i j=0 \i=0
Comparing both sides of the equation gives the desired equalities. 0

Corollary 4.2. Let X = {F =0} C P" be a Frobenius nonclassical hypersurface of degree
d over F, of characteristic p that satisfies 1o = 0.

(1) If F is not a p-th power, then d > q+ 1.

(2) If d 20 (mod p), then

F = i ngijxj

i,j=0
where A;; are polynomials that satisfy Aj; = —A;; and A; = 0.
Proof. The polynomial F' is not a p-th power if and only if
oF
a—%%o for some je€{0,...,n}.
This implies that some G;; in Lemma 4.1 is not the zero polynomial. Therefore, deg(G;;) =
d—1—-¢q>0. Thus d > g+ 1. This proves (1). If d # 0 (mod p), then Euler’s formula and
Lemma 4.1 imply that

- n OF - n
F:d IZ%xj:d IZI’?GUIJ‘.
j=0 " i,j=0
This proves (2) by setting A;; := d'Gi;. O

4.2. Restrictions imposed by smoothness. Let X = {F = 0} C P" be a hypersurface
over F,. with R =F[zg,...,x,] and R"™ = @, Re; as before. The Jacobian ideal
OF OF
Jp=(—,...,— | CR
defines a Koszul complex
02

On+1 1
—

Ko(Jp) : 0 —— /\”Jrl Rl i} /\2 Rt R+l R 0
e — gi:

In this setting, the length of a maximal regular sequence in Jg, that is, the depth of Jg, can
be computed by [Mat89, Theorem 16.8]

(4.3) depth(Jp) =n+ 1 —max{i | H;(K.(Jp)) = kerd;/im 6;1 # 0}.

On the other hand, R is a polynomial ring over a field and thus is Cohen-Macaulay [Eis95,
Proposition 18.9]. This implies that [Eis05, Theorem A2.38|

(4.4) depth(Jp) = codim(Jr)
where codim(Jr) is the Krull codimension of the scheme {Jr = 0} C P".
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Lemma 4.3. Let X = {F = 0} C P" be a smooth Frobenius nonclassical hypersurface of
degree d over F, of characteristic p such that d # 0 (mod p). Then

F;
:I:?—d* < 10) Z@ Bi;j forall j=0,...,n,

where B;; € Fylxo, ..., x,] satisfy By = —Fij and B = 0. In particular, we have d < ¢+ 1.

Proof. The assumption d #Z 0 (mod p) and Euler’s formula imply that the singular locus of
X coincides with {Jr = 0} C P". Hence codim(Jg) = n + 1 since X is smooth. Using (4.3)
and (4.4), we conclude that

In particular,
(45) Hl(K.(JF)) B ker51/im52 = 0.

Define o := d~'(F1o/F) € F,lxo,...,x,). This is well-defined as d # 0 (mod p) and X
is Frobenius nonclassical. Rearranging the equation gives I — adF' = 0, which can be
expanded via Euler’s formula as

This equation shows that
Z(z? —axj)e; € kerd;.
5=0

4.5), this element admits a preimage » ._.[;:e; Ne; € 2 g+l ynder 5,. By setting
i<j = J
5 = _592 for i > j and 3; = 0, we obtain

- OF  OF
Z(;E —axj)e; = 9o Z Bijei N\ €;) Z Bijo2(ei A e;) Z Bij (89&1 o, ei)

j=0 1<j i<j i<j
OF n
Z Bz] 8 Z B]z = Z /Bma Z Bz] 8 Z (Z Bz] )
1<J J<t 1<J =

Comparing both sides of the equation gives the desired relations.
To prove that d < ¢+ 1, first note that x? — z;o = 0 implies that o = x?_l, which cannot
hold for all 0 < 7 < n. Hence there exists j such that x? — xja # 0. Therefore,

“~ OF
q = deg(z§ — ar;) = deg ( o —B; ) =d — 1+ deg(B;)).

This shows that ¢ > d — 1, or equivalently, d < g + 1. O

Corollary 4.4. Let X = {F = 0} C P™ be a smooth Frobenius nonclassical hypersurface
of degree d over F, of characteristic p such that d # 0 (mod p). Assume additionally that
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Fy1o=0. Then there is a nondegenerate skew-symmetric matriz (A;;) with entries in F, and
zeros along the diagonal such that

F = i IEIAZ].I]

i,j=0
In particular, this situation occurs only when n is odd.

Proof. Corollary 4.2 (1) and Lemma 4.3 imply that d = ¢+ 1. Corollary 4.2 (2) then implies
that ' =3 ", 2] Ajjr; where (A;;) a skew-symmetric matrix with entries in F, and zeros
along the diagonal. The smoothness of X implies that (A4;;) is nondegenerate because, if
not, then there exists a point [ag : -+ : a,] € P*(F,) such that > ja;A; = 0 for all 7,
and a straightforward computation shows that this point is a singular point of X. As a
consequence, the size of (A4;;) is even, so n must be odd. 0]

4.3. Characterization in the case of degree q + 1. Lemma 4.3 can be refined in the case
that d = ¢ + 1 to obtain characterization for smooth Frobenius nonclassical hypersurfaces
over [F, of degree ¢ + 1.

Proposition 4.5. Let X = {F = 0} C P" be a smooth Frobenius nonclassical hypersurface
over F, of degree d = g+ 1 and let p = char(F,).

(1) If n is odd, then there exists a nondegenerate skew-symmetric matriz (A;;) with en-
tries in F, and zeros along the diagonal such that

F = i .CI??Ai]'.Z']'

i.j=0

and vice versa. Notice that Fy o= 0 in this case.

(2) If n is even, then p = 2 and there exists a system of coordinates {yo,...,yn} and a
nondegenerate skew-symmetric matriz (B;;)1<i j<n with entries in F, and zeros along
the diagonal such that

o
og

_ OF
Fio=yi 'F, F= Yo g + Z yi Bijyj,

0
Oy ’

ij=1
and vice versa.

Proof. Define o := Fy o/F. Lemma 4.3 together with the assumption d = ¢ + 1 implies that
there exist f3;; € F, satisfying 3;; = —3;; and 8;; = 0 such that

"~ OF ,
(4.6) x?—axj:Z—ﬂij, j=0,...,n.

The fact d # 0 (mod p) and the smoothness of X imply that g—i, i=0,...,n, are linearly
independent over F,. On the other hand, the F,-vector subspace

V =span{z] —awx; | j =0,...,n} CFylzg,...,2,]

has dimension either n or n + 1 by Lemma 4.6. These properties with (4.6) imply that
rank(f;;) = dim(V') which equals either n or n 4+ 1. Because the rank of a skew-symmetric
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matrix is always even, we have

n+1 if nis odd,

n if n is even.

rank(f;;) = {

Assume that n is odd. Then (f;;) is nondegenerate and thus admits an inverse (A4;;) that
satisfies A;; = —A;; and A;; = 0 as well. Using (4.6), we obtain

n
E A (2? — ax; 1=0,...,n.
a‘rl ‘ ] ] 9 bl

=0

Then Euler’s formula gives

n n n n
_ A4 A — A1
= g xzax E z;Aij (2 — ax;) g T A — a g Ay = E T Ay,
=0 v

i.j=0 i.§=0 i,j=0 i.j=0

This proves one implication of (1). The converse follows from the fact that, as explained
in the proof of Corollary 4.4, the matrix (A;;) is nondegenerate implies that n is odd. The
vanishing F} o = 0 can be verified directly from the formula of F'.

Assume that n is even. The fact that dim(V') = n and Lemma 4.6 imply that there exists
a system of coordinates {yo,...,yn} such that a« = y(qfl. In particular, the first equation
in (2) holds. Recall that the property of being Frobenius nonclassical is invariant under a
change of coordinates over [F,. Therefore, we can apply Lemma 4.3 in the new coordinates,
which asserts that there exist n;; € I, satisfying n;; = —n;; and n;; = 0 such that

_ "~ OF .
(4.7) Yyl — Yo 1yjzza—ymj, j=0,...,n.
i=0 7
For j = 0, the above relation reduces to 0 = " , g—jmo. As 2—5, 1 =20,...,n, are linearly
independent over F,, we conclude that 7,y = —no = 0 for i = 0,...,n. It follows that

the minor (1;;)1<;j<n has full rank n, and thus admits an inverse (B;;)1<; j<n that satisfies
B;; = —Bj; and B;; = 0. Collecting the relations in (4.7) for j = 1,...,n, we obtain

n

g;: :;Bij(yg—yglyj), i=1,...,n.
Applying Euler’s formula, we get
F - yan ZyzaF > Byl — v ')
(48) o . ;
= Z viBiy! —yi ! Z YiBijy; = Z Yi Bijy;-
ij=1 ij=1 ij=1

This proves the second equation in (2). Applying -2 0 O both sides of (4.8) gives

0*F 0*F
4.9 Yo—=—> =0 whence — =
49) " oy3 y3
This proves the third equation in (2).
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Now we prove that p = 2. For the sake of simplicity, we denote
oF &

= — and H = ’LB’L q

o ”2;1 Yo,

Notice that H; o = 0. Rewrite (4.8) as F' = yoG + H. Then a straightforward computation
gives

Fio =G+ yoGro+ Hio=y,G + 140G .
It follows that

YoG +yoGro=Fro=yi F=yj  (wG+H)=yiG+yi H.
Rearranging the terms and eliminating common factors to get
(410) GI,O = yg_2H.
Recall from (4.9) that g—yGo = 0. Applying 8%0 to (4.10), the left hand side gives
oG 0 " 0G = 0°G = 0?°G
o D (SBE) - St = it o
Oyo  Oyo \“= "' Oyi | = 7" OOy <= 7" yiOyo

while the right hand side with the fact that g—; = 0 gives
— = —2yI7°H.

Hence 0 = —2yd °H. We have H # 0 since (By;)1<;j<n is nondegenerate, so p = 2. This
completes the proof of one implication in (2).

To prove the converse of (2), first note that n is odd implies that (B;;) is degenerate. In
this situation, there exists a point [0: by : - -+ : b,] € P*(FF,) such that Y " | b;B;; = 0 for all
j, and a straightforward computation shows that this point is a singular point of X. As we
assume X to be smooth, n must be even. [l

Lemma 4.6. Let o € Fy[zo, ..., 2, be a homogeneous polynomial that is either constantly
zero or nonzero of degree ¢ — 1. Consider the I -vector space

V =span{z] —awx; | j =0,...,n} CFylzg,...,2,]

which is of dimension at most n + 1. Under the situation that dim(V') < n, it can only
happen that dim(V') = n and, in this case, there exists a system of coordinates {yo, ..., yn}
such that o = yd~" and that {yi — ylly; | i =1,...,n} forms a basis for V.

Proof. The condition dim(V") < n means the polynomials x? —axj, j =0,...,n, are linearly
dependent, so there exists (co,...,c,) € Fit!\ {0} such that

n
E cjx —axj E CjT; —ag cjr; = 0.
=0

Since ¢; = cg for all 7, rearranging the above equation gives
n q
O‘E cjxj = E ;T = E i —(E cjxj> .
j=0 j=0
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Eliminating common factors from both sides gives

n g—1
a = ( E CjIj) .
=0

As (co, . . ., ¢p) is a nonzero vector, we can set yo = Z?:o c;x; and complete it to a coordinate
system {¥o, ..., yn}. Notice that o = yZ " in this setting.

The polynomials y — yg_lyi, 1 < i < n, cut out the set of Fy-points away from the
hyperplane {yo = 0}, which implies that they are linearly independent over F,. To finish
the proof, it is sufficient to show that they belong to V. Suppose that the transformation
between the coordinate systems {zo, ..., x,} and {yo,...,yn} is given by

Yi = Zgijxj where (g;;) € GLy1(F,).

7=0

Then y = 37, gijz]. Hence, fori=1,...,n,

; QY = Z.gm —Q Zgijxj - Zgu a$g eV.
§=0

This completes the proof. O

4.4. The upper bound d < q+ 2 and further characterization. Let us proceed to
study smooth Frobenius nonclassical hypersurfaces X = {F = 0} C P" over F, without the
assumption that deg(X) is not divisible by p = char(F,). In order to deal with this general
situation, we work with the quotient ring R := F[xo, ..., 7,]/(F) and the ideal

— oF oF —

where the latter determines a Koszul complex

Ko(Tr) : 0 /\(n+1) 7l bnt1 03 /\2 AN - L L Ly - 0

The fact that X C P" is a hypersurface implies that R is Cohen-Macaulay. (See, for example,
[Eis95, Section 18.5].) By [Eis05, Theorem A2.38] and [Mat89, Theorem 16.8],

codim(Jp) = depth(Jp) =n+ 1 — max {i | H;(K.(Jr)) = ker 6;/ im 6,4, # 0} .
The smoothness of X implies that codim(.Jr) = n, so the above relation reduces to
max {i | H;(K.(Jp)) = kerd;/im ;41 # 0} = 1.
In particular,
(4.11) Hy(K.(Jr)) = ker 65/ Im &3 = 0.

Lemma 4.7. Let X = {F = 0} C P" be a smooth Frobenius nonclassical hypersurface of
degree d over F,. Then d < q+ 2 and there exists

¥ = Z Yijk€i N\ €5 N\ eg € /\—n+1

1<j<k
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such that .
A Zo Y Oy, 7 B B

. . 1
Proof. Let us consider the two elements in R

n n
X = E x;e; and x7:= E zle;.
=0 i=0

Euler’s formula implies that x € ker ;. On the other hand, X is Frobenius nonclassical and
so x? € ker d;. These facts imply that

da(x Ax17) (ZL&%)XQ— (izo gaxi>Xzél(x)xq—él(xq)X:O.

That is, 8 := x Ax? € ker dy. By (4.11), there exists

v = Z Yijk€i N\ €5 N\ eg € /\—n+1

1<j<k

such that 5 = d5(7).
For the sake of simplicity, we denote F; := g—i for i = 0,...,n. Expanding both sides of
the relation 5 = d3(y) gives

B = Z T; x —alxj)ei Nej = Z Yiik0s(ei N ej A eg)

1<j 1<j<k

= Z Yijk (Fiej Nep — F}'@i N e + eri N €j)
1<j<k

= Z %jkﬂej N e — Z %ijjei N eg + Z %ijkei N e;
i<j<k i<j<k 1<j<k

= > ke Aej— Y qagFrei Aej+ > vipFre A
k<i<j i<k<j i<j<k

= Z YijeLrei N ej + Z YijeFrei N ej + Z YijeErei N e;
k<i<j 1<k<j 1<j<k

- Z (Z ,Y’L]]{?Fk’> €; A €.
1<J

Comparing both sides of the equality gives the desired relations
(4.12) :Cil'?- —xlx; = Z%jkpk (mod F), 0<i<j<n.
k=0

Let us prove that d < g+ 2. Assume, to the contrary, that d > ¢+ 2. Then the polynomial
on the left hand side of equation (4.12) has degree ¢ + 1 < d — 1 < d. This implies that the
polynomial on the right hand side has degree ¢ + 1 as well, and the equation holds without
modulo F. The assumption d > ¢ + 2 also implies that deg(Fy) = d—1 > ¢+ 1. But
this implies that the right hand side of (4.12) has degree strictly greater than ¢ + 1, which
contradicts to our previous conclusion. Therefore, we must have d < ¢ + 2. O
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Proposition 4.8. Let X = {F =0} C P", where n > 2, be a smooth Frobenius nonclassical
hypersurface of degree d over Fy of characteristic p such that d = q+2. Thenp =n = 2
and, upon rescaling F' by a nonzero constant, we have

oF oF oF

q q q q
T =TTy — X1 T2 ~ = T2y — Tydp -
8.1'0 ’ 8.731 0 ’ 81'2

In particular, we have Fyy =0 and

= xox] — xdz;.

F=xorizo(zl 4+ 277 + 287" + G(a?, 22, 22)
for some polynomial G.

Proof. First of all, if p # 2, then d = ¢+ 2 =2 # 0 (mod p). But this forces d < g+ 1 by
Lemma 4.3, a contradiction. Hence p = 2.

Let us show that n = 2. By hypothesis, deg(F) = d = ¢+ 2 > ¢ + 1. This implies that
the relations from Lemma 4.7:

& OF

k=0

hold without modulo F' and also that 7;;, € F,. Note that the n(n + 1)/2 polynomials
q

Tx; — xf’xj for 0 < ¢ < j < n are linearly independent over F,. On the other hand, the
polynomials 3712, 0 < k < n, span an F-vector subspace in F,[z,...,z,] of dimension at
most n + 1. These facts with (4.13) imply that

n(n+1 :

¥ <n+1, or equivalently, n < 2.

We have n > 2 by hypothesis, so n = 2.
Equation (4.13) under the condition n = 2 gives
OF OF OF

_ q q _ q q _ q q
Y120 ° _8x0 = T1Ty — T T2, Y201 _8901 = T2Zy — ToXo, TYo12 - _8x2 =TTy — Tyy.

By convention, we have y199 = Y201 = 7o12- Denote this element by ¢. Then ¢ # 0 and
replacing F' by ¢ ' F gives the desired expressions for the partial derivatives. The vanishing
of Fi o and the formula for F' are straightforward computations using these expressions. [J

Corollary 4.9. Let X = {F = 0} C P", where n > 2, be a smooth Frobenius nonclassical
hypersurface over Fy of degree d = g+ 2. Then X contains no F,-point.

Proof. By Proposition 4.8, the partial derivatives of F' vanish at every F,-point. If X contains
any [F,-point, then the point has to be singular, which cannot happen as we assume X to be
smooth. 0

4.5. Sharpness of the upper bounds. Example 1.3 shows that the upper bound in
Lemma 4.3 is sharp. In the following, we exhibit more examples of smooth Frobenius non-
classical hypersurfaces whose degrees attain the upper bounds in Lemmas 4.3 and 4.7. Then
we finish the proof of Theorem 1.6 at the end of this section.

Example 4.10. Over Fy = Fy(a), where a®> + a + 1 = 0, the plane curve X C P? defined by
F=z((a+)a'+ 2%+ 2*yz + 2?22 + ¢ + 9?22 +2%) + 'z + y2!
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provides an example for Proposition 4.5 (2) as well as Theorem 1.6 (2). The Hessian matrix

of this example equals
0 2%z 2°
2F Yy
( 0 ) =12’ 0 2

8@6% ny $3 0

which has a zero determinant. In general, the determinant of the Hessian matrix of a smooth
Frobenius nonclassical hypersurface X vanishes along X by [ADL21, Lemma 4.6]. But the
Hessian matrix itself may not vanish along X due to this example.

Example 4.11. Over Fy, the plane curve X C P? defined by
(x+y+2)ayz + 2%y + 2222 + 22+t oyt 42t =0

provides an example for Proposition 4.8 as well as Theorem 1.6 (3). This is the Dickson—

Guralnick—Zieve curve for ¢ = 2 [GKT19]. As another example, we have the plane curve
over [F4 defined by

(2® + ° + 2 wyz + 2?9 (2 + °) + PP + 2 + (a+ D2’ + P + a2’ =0
where a is a multiplicative generator of I} that satisfies a®> + a +1 = 0. Finally, let a be a
multiplicative generator of Fj satisfying a® + a + 1 = 0. Then the plane curve defined by
(@7 +y7 + 2wy + 2010 + 28y% + 2%y® + (a+ D)yt + (a2 + 1)ad2? + oty
FagBa? 4+t eyttt 4 S 4yt 4 (a2 + 1)ae® 4 ay?et + a2 = 0
provides an example over Fg.

Proof of Theorem 1.6. The bound d < ¢ + 2 is a consequence of Lemma 4.7. The “only
if” parts of (1) and (2) follow respectively from Proposition 4.5 (1) and (2). The “only if”
part of (3) follows from Proposition 4.8. For the converse of (1), we have d = ¢ + 1 directly
from the formula. The integer n is odd because, if n was even, then the matrix (A4;;) would
be degenerate, and so X would be singular, which contradicts to our hypothesis that X is
smooth. The arguments for the converses of (2) and (3) are similar.

In (1) and (3), straightforward computations give Fyo = 0. Conversely, let us assume
Fy o =0. Then Corollary 4.2 (1) and the fact that d < ¢+ 2 imply d=¢q¢+ 1 or d = q+ 2.
If d =g+ 1, then we are in case (1) by Corollary 4.4. If d = ¢ + 2, then case (3) occurs by
Proposition 4.8. U

5. FROBENIUS NONCLASSICAL HYPERSURFACES WITH SEPARATED VARIABLES

In this section, we prove that a smooth Frobenius nonclassical hypersurface over IF, with
separated variables has degree 1 (mod p) where p = char(F,). Let us first show that examples
in Theorem 1.6 (3) do not have separated variables.

Lemma 5.1. Smooth Frobenius nonclassical hypersurfaces over F, of degree d = q + 2 do
not have separated variables.

Proof. Let X = {F = 0} C P? be such an example. Assume, to the contrary, that it has
separated variables. Then there exists a system of coordinates {xg,z1, 22}, a polynomial
H = H(xy, 1), and a constant ¢ # 0 such that

(5.1) F = H(zg, 1) 4 cal™.

However, this implies gTF = 0, contradicting Proposition 4.8.
2
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Here is another proof based on (5.1) without using Proposition 4.8: Write Hy := 92 and

dxo
H, = g—fl. Then the fact that F}y = 0 implies
(5.2) Hig=x{Hy+ 2{H, =0, or equivalently, rdHy = 21 H.

Hence af divides H; and z{ divides Hy. Since Hy and H; have degree g + 1, there exist
linear forms Ly and L; such that Hy = 2{Ly and H; = x{L;. Substituting these back into
(5.2), we get xdx{ Ly = x{xd Ly, whence L := Ly = Ly. If L =0, then Hy = H; = 0. But this
implies that

OF OF OF

—— =Hy=0 —— =H, =0 d —= 2)exd™ =0

81’0 0 3 8.731 1 3 an a$2 (q+ )Cx2 )
contradicting the assumption that X is smooth. Assume L # 0. By Euler’s formula,

0= (q + 2)H = [L’()H() + l‘lHl = (xol’(i + xlxg)L
which is a contradiction as both zox] + z,28 and L are nonzero. O
As preparation for the proof of Theorem 1.9, let us recall an elementary fact about poly-

nomial arithmetic.

Lemma 5.2. Let k be an arbitrary field, g,h € k be nonzero constants, r(t) € k[t] be a
polynomial of degree m, and d be a positive integer. Suppose that

(gt?+h)-r(t) = at™™ + b
for some nonzero a,b € k. Then d divides m.

Proof. Let us write r(t) = > r;t". Then

m m d+m m
1) = S+ S =S+ 3
- Z gri-at' + Z(gﬁ—d + hry)t' + Z hrt'.
i=m+1 i=d i—0

Due to the hypothesis, all but the constant and the leading coefficients in the last expression
vanish. That is,

(5.3) ro # 0 and ri,=0 for 1<i<d-1,
(5.4) gri—q+ hr;=0 for d<i<m,
(5.5) T # 0 and ricq=0 for m+1<i<d+m-—1.

Under the assumption that g,h # 0, (5.3) and (5.4) imply that r; = 0 if and only if i Z 0
(mod d). Similarly, (5.4) and (5.5) imply that 7, = 0 if and only if i # m (mod d). These
two statements imply that i = 0 (mod d) if and only if i = m (mod d) for 0 < i < m, which
happens only when d divides m. 0]

Proof of Theorem 1.9. If I o = 0, then we are in case (1) or (3) of Theorem 1.6. If case (1)
occurs, then d = ¢+ 1 = 1 (mod p). On the other hand, case (3) does not occur due to
Lemma 5.1. This shows that the statement holds when Fj o = 0.

Assume that Fj # 0. By hypothesis, there exists m € {0,...,n — 1} such that

F(xo, - ,xn) = G(xo,. .., Tm) + H(Tpmy1, ..., Tp).

30



Note that X is smooth implies that G and H are not constantly zero. The fact that X is
Frobenius nonclassical implies that there exists a polynomial R such that FFR = [}, or
equivalently,

(56) (G+H) 'R:Gl,o‘i‘Hl’O.

Let us extend F, by formal variables uy, ..., u, to the function field k := F(uo, ..., u,).
Now consider the line ¢ C P} spanned by the points

[ug i+ iUyt 0 -2 0] and [0 0 Uppgq v 2 Uy

and express it in terms of the parametric equations with affine parameter ¢:

u;t for 1=0,...,m,
x; =
’ U; for i=m+1,... n.

The restriction of (G + H) to ¢ has the form
(G4 H)y = Cluots . tet) + Httpr, 1)
= G(ug, ..., up)t* + H(Umas1, . .., up) = gt*+h  where g ,hek\ {0}

Similarly, (G19 + Hyo)|e = at®™4= + b for some a,b € k. As a result, restricting (5.6) to ¢
gives
(gt 4+ h)-r(t) =at™™ ' +b  where r(t) = R|, € kl[t].

The assumption Fj o # 0 implies that r(¢) # 0. Together with the fact that g, h # 0, one
can verify that a,b # 0. Lemma 5.2 then implies that d divides ¢ — 1.

According to [Kle86, page 191], the fact that X is nonreflexive [ADL21, Theorem 4.5]
implies that d =0 or 1 (mod p). If d =0 (mod p), then the fact that d divides ¢ — 1 implies
that p divides 1, a contradiction. Therefore, we must have d =1 (mod p). O
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